Introduction* The purpose of this paper is to give a method of determining the essential spectrum of a class of ordinary differential operators in L p of an interval with oo as a singular endpoint. The method relies on the mapping theorem for the essential spectrum, proved for ordinary differential operators by Rota [9] . A discussion of this type of theorem is presented in § 1. The essential spectrum of the constant coefficient operator and the Euler operator is determined in §4. It is found that the essential spectrum of the Euler operator is an algebraic curve which varies with the index p, 1 < p < °o.
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In § § 5 and 6 the class of differential operators which are compact with respect to the constant coefficient operator, or Euler operator, is determined. By a fundamental theorem of perturbation theory, these operators may be added to the original operator without altering the essential spectrum.
The results apply to differential equations of Fuchsian type. This includes the Riemann differential equation, whose spectral theory was investigated by Rota [10] . 1* Spectral mapping theorems* Let A be a closed, denselydefined operator in a Banach space X. A is a Fredholm operator if the null space ^V{A) of A is finite dimensional and the range &(A) of A is closed and of finite codimension in X. The Fredholm index of A is the number
tc(A) = dim ^T(A) -codim &(A) .
A complex number λ is in the essential resolvent set of A, denoted by p e {A), if XI -A is a Fredholm operator. Otherwise λ is in the essential spectrum of A, denoted by o e {A). p(A) and o{A) will denote the resolvent set and spectrum of A respectively.
Let i?(X) denote the ring of bounded operators on X, and let d enote the ideal of compact operators in ^(X). S/ = ^(X)/ίf is a Banach algebra. The coset A + <g* of an element ie^(ϊ) will be denoted by Ά, and its spectrum will be denoted by sp (Ά) . The invertible elements of Szf are the cosets B = B + <^% where 5G^(Ϊ) is a Fredholm operator (cf [1] ). In particular, sp(Ά) = o e {A) for all 756 E. BALSLEV AND T. W. GAMELIN
LEMMA 1. Let Ae &(£), and let f be analytic in a neighborhood of σ(A). Then σ e (f(A)) = f(σ e (A)). If μe p.(A), then
where λ is counted in the set f~\μ) according to its multiplicity as a solution of f(z) -μ = 0.
Proof. The first assertion of the lemma is a trivial consequence of the-spectral mapping theorem for Banach algebras:
By replacing /by μ -f it suffices to establish the formula
We can decompose the spectrum of A into a finite number of spectral (closed and open) subsets F if i = I, v,w, such that / is analytic in an open connected neighborhood of each F t . Corresponding to each spectral set F i9 there is a projection Ei onto a closed invariant subspace ϊ 4 of X such that / = Σ?=i ^> EJSj = 0, ΐ ^= i, and α(A 136^) = JF, (cf [5] , VII. 3).
Since the index K satisfies the appropriate additivity conditions, it suffices to prove the formula for the restriction operators A \ H if i.e. we may assume that / is analytic in a connected open neighborhood of σ(A).
If / is identically zero, then f(A) = 0 is Fredholm, so X is finite dimensional, and the result is trivial. If / is not identically zero, it has a finite number of zeros z l9 , z n e o(A), counted according to their multiplicity. Let g is analytic and nonzero in a neighborhood of o(A), so g(A) is invertible and has index zero. Now
where the zj -A are Fredholm. Since the index of a product of Fredholm operators is the sum of their indices, we have 
Proof, (a), (b) and (c) are well-known. Suppose that (d) is not true. Then there is an ε > 0 and a sequence {x n } in £3? (A) such that \\Bx n \\^ε\\Ax n \\ +n\\x n \\.
Since the inequality is homogeneous, we may assume ||a?»|L = 1-Passing to a subsequence, if necessary, we may assume, that Bx n converges to y. Since II Bx n || ^ ε || x n \\ A + (n -ε) || x n \\ -ε + (n -ε) \\ x n \\ , x n converges to 0. Since B is closed, y = 0. On the other hand, || y || = Km || Bx n \\ ^ ε, a contradiction.
The argument establishing part (d) can be found in [4] , p. 39. There are operators B which are A-compact but for which no inequality of the form || Bx \\ ^ ε || Ax \\ + ^(ε) || x \\ obtains. where the a ά are complex-valued measurable functions on (a,
exist and are loc. α.c, O^i^w-1,
The operator LJ is the restriction of L to C°° functions with compact support contained in (a, β) .
Under mild restrictions on the coefficients dj{t) 9 for instance, that a ά (t) be locally integrable, 0 ^ j ^ ^ -1, and that l/a n (t) be locally integrable, the maximal operator L is densely defined and closed. In this case, £3? (L 0 
) is of finite codimension in £&(L).
Any finite dimensional extension of a Fredholm operator is again Fredholm (cf [6] ). Hence, under the preceeding restrictions on the coefficients a ί9 p e (LJ = p e (L) for all differential operators L u determined by I. This set is called the essential resolvent set of Z, and denoted by Pe(l) Its complement σ e (l) is the essential spectrum of I.
In the following, D Q and D will denote respectively the minimal and maximal operators in L v {a, β) determined by the differential expression (lf)(t) = /'(ί), where (a, β) is the interval under consideration. If λ G |0 e (m), the Fredholm index κ(Xl -M) is the number of roots of π(z) = λ, counted according to their multiplicity, which lie in the half-plane &+(z) < 0. 
This is again a convolution operator with an LMεernel, and so (XI -DJjr 
where L is the maximal differential operator associated with the adjoint expression (cf. [9] ).
We may also assume, that the roots λ lf , λ Λ of π(z) = 0 have distinct real parts. Then ^>V(M) is spanned by the exponentials e Kit , and ^4^(L) is spanned by the exponentials e~λ it . From this it is easy to conclude that 
We have 
Since the essential spectrum and Fredholm index remain invariant under isometric isomorphisms, the result follows from Theorem 1.
REMARK. The essential spectrum of L could also be computed by writing L as a polynomial in the operator x(d/dx), which has the essential spectrum { -(1/p) + ir, -oo < r < oo}. The Euler operator was originally represented as a polynomial by George Boole. 5* Perturbation of the constant coefficient operator* The inequalities, on which the results of this section are based, are essentially special cases of similar estimates for elliptic partial defferential operators (cf [4] ). Similar results for perturbation of partial differential operators are obtained in [3] . For p = 2 theorems of this type for elliptic operators, including Lemma 7, are proved by Birman (cf. [11] ). Proof. Let [0, r] be a finite interval. Replacing / by /' and proceeding as in the proof of Lemma 4, we arrive at the inequality 
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= -[a(s)f'(t + s)ds -[a'(s)f(t + s)ds
\f'(t) I ^ C p r^ \f"(t + s) Yds
+ K 0 (r)^ \ f'(t + s) \ Suppose {/"} is a J9 2 -bounded sequence in L p [0,
K 0 (r)[\f'(t + s) \ p ds ^ [ \f"(t + s) Yds + K λ {r)
Jo Jo
If r is chosen so that 0 < r < 1 and ε 1/2> = 2C p r llg , then the above inequalities yield the pointwise estimate 
'(t)|* £ s[\f"(t + 8)\*d8 + K(ε)[\f(t + 8)\>d8 .
Jo Jo
Integrating from 0 to ^ and exchanging the order of integration, we arrive at the following inequality This is equivalent to an inequality of the form
l|i>/ll^e||Dy||
Inequalities of the form follow easily by induction on k. Since D k+1 is JD*-bounded, we finally obtain an inequality of the desired form 
B is M-compact if and only if 6 y eLf oc [0, oo) and 
S->oo Js
Let 1 ^ k ^ n -1 and assume that b 3 e Lf oc [0, ©o) and
The functions g s can be altered so that
The same type of estimate as used in the preceding paragraph yields the results b k eL? oc [0, oo) and 9 and the ikf-topology is equivalent with the DMopology for 3ί(M).
Hence we get an inequality of the desired form, JB:(6) 11/11. By Lemma 3(a), M + B is closed on S>{M). This completes the proof of parts (a) and (c) of the theorem.
If 
J
Then &{L) = &(M), and σ e (l) = σ e (m). If \ep e (m), κ{\I-M) = κ{\I -L).
Proof. Let B n be the maximal operator corresponding to the expression b n (t)f {n) (t). 2 In view of Theorem 8 and Lemma 3 it suffices to prove the theorem in the case (lf)(t) = (m/)(ί) + b n {t)f {n \t) .
So we assume b 3 (t) = 0, 0 ^ j ^ n -1. Since the essential spectrum and the Fredholm index are localizable to the endpoint °o, and since the graph topologies of ϋ^(L) and 2$(M) are equivalent on compact subsets of [0, oo), we may assume, by passing to an interval of the form [N, oo) , that | b n (t) |^ε,0gί<^.
We have
If ε is sufficiently small, Lemma 3(a) applies, and Also, by Lemma 3(c) and suitable choice of ε, we must have σ e (l) = σ e (m). Now suppose | b n (t) |<|α w |,0^t<oo, so that the hypotheses of the theorem are satisfied for [l, oo) . It includes all bounded measurable functions with limit zero at oo. The criterion shows, for instance, that if a < j < n, then t*f U) is compact with respect to the Euler operator of degree n. If a < n, Theorem 6 shows, that t"f Xn) has no effect on the essential spectrum of I. In particular, if
(mf)(t) -Σ aMΓ»(t)
is a Fuchsian differential expression, where a n (t) = 0(t n ), then m can be written in the form of Theorem 6, and the essential spectrum of m can be determined from the coefficients as in Theorem 2.
For instance, consider the Riemann differential expression
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